Abstract. In this paper we give a criterion whether a given minimal symplectic 4-manifold with b + 2 = 1 having a torsion-free canonical class is rational or ruled. As a corollary, we confirm that most of homotopy elliptic surfaces {E(1)K |K is a fibered knot in S 3 } constructed by R. Fintushel and R. Stern are minimal symplectic 4-manifolds with b + 2 = 1 which do not admit a complex structure.
Introduction
As an application of Seiberg-Witten theory to symplectic 4-manifolds, C. Taubes proved that every minimal symplectic 4-manifold with b + 2 > 1 satisfies K 2 ≥ 0 ( [T] ). Here K = −c 1 (T X) ∈ H 2 (X : Z) denotes the canonical class associated to a compatible almost complex structure on X. In the case when b + 2 = 1, the situation is quite different, i.e. there are examples satisfying K 2 > 0, K 2 = 0 and K 2 < 0 respectively. Hence it is an interesting problem to classify minimal symplectic 4-manifolds with b + 2 = 1. Note that most known minimal symplectic 4-manifolds with b + 2 = 1 except Barlow surfaces and Dolgachev surfaces are rational or ruled, i.e. CP 2 , S 2 × S 2 or S 2 -bundles over a Riemann surface. Regarding this, Liu proved that if K 2 < 0, then it is an irrational ruled surface ( [MS] ). In this paper, when K 2 ≥ 0, we give a criterion whether a given symplectic 4-manifold with b + 2 = 1 having a torsion-free canonical class is rational or ruled. Explicitly, we prove Theorem 1.1. Suppose X is a closed minimal symplectic 4-manifold with b + 2 = 1 such that its canonical class is a torsion-free class of non-negative square. Then X is rational or ruled if and only if its Seiberg-Witten invariant SW • X vanishes. R. Gompf constructed infinitely many minimal symplectic 4-manifolds which do not admit a complex structure using a fiber sum technique ( [G] ). All those manifolds have b + 2 > 1. In the case when b + 2 = 1, it has not been much known about minimal symplectic 4-manifolds except complex surfaces. In Section 3 we compute the Seiberg-Witten invariant SW • E(1) K , obtained by a small generic perturbation of Seiberg-Witten equations, of a family of homotopy elliptic surfaces {E(1) K | K is a fibered knot in S 3 } constructed by R. Fintushel and R. Stern in [FS] and, as a corollary, we conclude Corollary 1.1. If K is a fibered knot in S 3 whose Alexander polynomial is non-trivial and is different from that of any (p, q)-torus knot, then E(1) K is a simply connected minimal symplectic 4-manifold which do not admit a complex structure.
The Seiberg-Witten Invariant
In this section we briefly review the Seiberg-Witten invariant of smooth 4-manifolds ( [KM] , [M] for details).
Let X be a closed, oriented smooth 4-manifold with b + 2 > 0 and a fixed metric g, and let L be a characteristic line bundle on X, i.e. c 1 (L) is an integral lift of w 2 (X). This determines a Spin c -structure on X which induces a unique complex spinor bundle W ∼ = W + ⊕ W − , where W ± is the associated U (2)-bundles on X such that det(W ± ) ∼ = L. Note that the Levi-Civita connection on T X together with a unitary connection A on L induces a connection ∇ A : Γ(W + ) → Γ(T * X ⊗ W + ). This connection, followed by Clifford multiplication, induces a Spin c -Dirac operator D A : Γ(W + ) → Γ(W − ). Then, for each self-dual 2-form h ∈ Ω 2 + (X : R), the following pair of equations for a unitary connection A on L and a section Ψ of Γ(W + ) are called the perturbed Seiberg-Witten equations:
Here F +g A is the self-dual part of the curvature of A with respect to a metric g on X and (Ψ ⊗ Ψ * ) 0 is the trace-free part of (Ψ ⊗ Ψ * ) which is interpreted as an endomorphism of
Since the set of solutions is invariant under the action, it induces an orbit space, called
where σ(X) is the signature of X and e(X) is the Euler characteristic of X. Note that if b + 2 (X) > 0 and M X,g,h (L) = φ, then for a generic metric g and a generic self-dual 2-form h on X the moduli space M X,g,h (L) contains no reducible solutions, so that it is a compact, smooth manifold of the given dimension. Furthermore the moduli space M X,g,h (L) is orientable and its orientation is determined by a choice of orientation on det(H 0 (X; R) ⊕ H 1 (X; R) ⊕ H 2 + (X; R)). Definition The Seiberg-Witten invariant (for brevity, SW-invariant) for a smooth 4-manifold X with b
where Aut 0 (L) consists of gauge transformations which are the identity on the fiber of L over a fixed base point in X. Note that if b + 2 (X) > 1, the Seiberg-Witten invariant, denoted by SW X = SW X (L) · e L , is a diffeomorphic invariant, i.e. SW X does not depend on the choice of a generic metric on X and a generic perturbation of Seiberg-Witten equations. Furthermore, only finitely many Spin c -structures on X have a non-zero Seiberg-Witten invariant. We say that the characteristic line bundle L, equivalently a cohomology class (2) above depends not only on a metric g but also on a self-dual 2-form h. Because of this fact, there are several types of Seiberg-Witten invariants for a smooth 4-manifold with b + 2 = 1 depending on how to perturb Seiberg-Witten equations. We introduce three types of SW-invariants and investigate how they are related. First we allow all metrics and self-dual 2-forms to perturb Seiberg-Witten equations. Then the SW-invariant SW X (L) defined in (2) above has generically two values which are determined by the sign of (2πc
where ω g is a unique g-self-dual harmonic 2-form of norm one lying in the positive component of H 2 + (X; R). We denote the SW-invariant for a generic metric g and a self-dual 2-form Theorem 2.1 (Wall crossing formula, [LL] , [M] ). Suppose that X is a closed, oriented smooth 4-manifold with b 1 = 0 and b
In general case (b 1 = 0), Li and Liu proved that the difference is also expressed explicitly by some numerical invariants of c 1 (L) and X ( [LL] ). Second one may perturb the Seiberg-Witten equations by adding only a small generic self-dual 2-form h ∈ Ω 2 + (X : R), so that one can define the SW-invariants as in (2) above. In this case we denote the SW-invariant for a generic metric g satisfying (
X (L) and we denote the other one by SW
But it sometimes happens that the sign of (2πc 1 (L))·[ω g ] is the same for all generic metrics, so that there exists only one SW-invariant obtained by a small generic perturbation of Seiberg-Witten equations. In such a case we define the SW-invariant of L on X by 
iii) It also satisfies the generalized adjunction inequality. That is, if Σ is a homologically non-trivial, smoothly embedded, oriented surface in X with
Proof : Proofs of (i), (ii) and (iii) are exactly the same as the case b + 2 > 1 as long as the SW-invariant SW • X is well defined, i.e. it is independent of metrics on X. Let L be a characteristic line bundle on X such that the formal dimension, 
, where proj +g is the projection of Ω 2 (X : R) into g-self-dual harmonic 2-form space H 2 +g (X : R). In this case we denote the SW-invariant for a generic metric g and a generic self-dual 2-form [FS] .
We close this section by mentioning that C. Taubes' theorem on a symplectic 4-manifold with b Theorem 3.1 (Liu, [MS] ). If X is a closed minimal symplectic 4-manifold with b + 2 = 1 such that the canonical class K X has K 2 X < 0, then X is an irrational ruled surface. Furthermore, when K 2 X ≥ 0, they also proved the following fact by similar arguments used in the proof of Theorem 3.1 above. Hence, by combining two theorems above, we conclude that if X is a minimal symplectic 4-manifold with b + 2 = 1 which is neither rational nor ruled, then it admits a symplectic structure ω satisfying K 2 X ≥ 0 and K X · [ω] ≥ 0. In this case we compute the SeibergWitten invariant SW • X (K X ) of the canonical class K X on X. Before stating a main result, we introduce some terminology -Given a symplectic 4-manifold X with b + 2 = 1 and a symplectic form ω, the positive cone {α ∈ H 2 (X : R) | α 2 > 0} has two connected components in H 2 (X : R). We write P + for the forward positive cone, which is the component containing [ω] , and P − for the backward positive cone. Then the closure of P + in H 2 (X : R) \ {0} is given by
Note that the next lemma, sometimes known as the light cone lemma, follows from CauchySchwarz inequality.
Lemma 3.1 ( [MS] ). If α, β ∈ P + , then α · β ≥ 0 with equality if and only if α = λβ for some λ > 0. Now, in the case when K 2 ≥ 0, we get a criterion whether a given symplectic 4-manifold with b + 2 = 1 having a torsion-free canonical class is rational or ruled. Explicitly, we have Theorem 3.3. Suppose X is a closed minimal symplectic 4-manifold with b + 2 = 1 such that its canonical class K X is a torsion-free class of non-negative square. Then X is rational or ruled if and only if its Seiberg-Witten invariant SW • X vanishes. Proof : As stated above, if X is neither rational nor ruled, then it admits a symplectic structure ω satisfying K 2 X ≥ 0 and
Conversely, if X is rational or ruled with K 2 X ≥ 0, Theorem 3.2 implies that X admits a metric of positive scalar curvature. Hence its SW-invariant SW • X vanishes by Theorem 2.2. 2
Next, as an application of Theorem 3.3 above, we show that a family of homotopy elliptic surfaces {E(1) K | K is a fibered knot in S 3 } constructed by R. Fintushel and R. Stern in [FS] are minimal symplectic 4-manifolds which are neither rational nor ruled. First we briefly review their construction -Suppose K is a fibered knot in S 3 with a punctured surface Σ • g of genus g as fiber. Let M K be a 3-manifold obtained by performing 0-framed surgery on K, and let m be a meridional circle to K. Then the 3-manifold M K can be considered as a fiber bundle over circle with a closed Riemann surface Σ g as a fiber, and there is a smoothly embedded torus T m := m × S 1 of square 0 in M K × S 1 . Thus M K × S 1 fibers over S 1 × S 1 with Σ g as fiber and with T m = m × S 1 as section. It is a Thurston's theorem that such a 4-manifold M K × S 1 has a symplectic structure with symplectic section T m . Thus, if X is a symplectic 4-manifold with a symplectically embedded torus T of square 0, then the fiber sum 4-manifold X K := X♯ T =Tm (M K × S 1 ), obtained by taking a fiber sum along T = T m , is symplectic. R. Fintushel and R. Stern proved that X K is homotopy equivalent to X under a mild condition on X and computed the SW-invariant of X K (In the case when b + 2 = 1, they computed the relative SWinvariant of X K ). For example, applying the construction above on an elliptic surface E(1), they get a family of homotopy elliptic surfaces {E(1) K | K is a fibered knot in S 3 } and computed the relative SW-invariant SW
Theorem 3.4 ( [FS] ). For each fibered knot K in S 3 , a homotopy elliptic surface E(1) K is a simply connected symplectic 4-manifold whose [T ] -relative SW-invariants are
where ∆ K is the Alexander polynomial of K and T is a symplectically embedded torus induced from a standard torus fiber lying in E(1). 
is the partial sum consisting of only positive (negative) multiples of [T ] in the exponent of the series ∓ ∞ n=0 e ∓(2n+1) [T ] · ∆ K (e 2 [T ] ), where ∆ K is the Alexander polynomial of K and T is a symplectically embedded torus induced from a standard torus fiber lying in E(1).
Proof : Since E(1) K is symplectic, one may choose a metric g on E(1) K so that the symplectic form ω is g-self-dual. Then a symplectically embedded torus T of square 0 in E(1) K , induced from a standard torus fiber lying in E(1), satisfies [T ] 
. Since E(1) K is also simply connected and b − 2 = 9, each characteristic line bundle L on E(1) K has at most one SW-invariant, either SW
Furthermore a generalized adjunction inequality (Theorem 2.2 -(iii)) implies that any characteristic line bundle L with
, for some integer λ, due to the light cone lemma (see Lemma 3.1). On the other hand, Theorem 3.4 above implies that
Hence, combining Equations (3) and (4), we have
is the partial sum consisting of only positive (negative) multiples of [T ] in the exponent of the series ∓ ∞ n=0 e ∓(2n+1) [T ] · ∆ K (e 2 [T ] Proof : Note that the Alexander polynomial ∆ K is non-trivial (i.e. ∆ K = 1) if and only if the highest power of [T ] in the series − ∞ n=0 e −(2n+1) [T ] · ∆ K (e 2 [T ] ) coming from (−e − [T ] )·(the highest power of ∆ K (e 2 [T ] )) is non-negative, equivalently, the SW-invariant SW • E(1) K of E(1) K is not zero. Thus our claim follows from Theorem 3.3. 2 Corollary 3.2. For each fibered knot K with a non-trivial Alexander polynomial in S 3 , a homotopy elliptic surface E(1) K is a minimal symplectic 4-manifold which is neither rational nor ruled.
Proof : Corollary 3.1 implies that E(1) K is not rational or ruled. Furthermore since the set of SW-basic classes of E(1) K is {λ i [T ] | λ 1 , . . . , λ n are some integers}, we have (λ i [T ] − λ j [T ] ) 2 = 0 = −4. Hence E(1) K is minimal. 2 Examples. Let K be a (p, q)−torus knot with relatively prime integers p, q ≥ 2 in S 3 . Then E(1) K is diffeomorphic to a Dolgachev surface E(1; p, q), which is obtained by p− and q− logarithmic transforms on E(1). Hence the SW-invariant SW • E(1;p,q) of Dolgachev surfaces is easily computed by Theorem 3.5. Furthermore, it is an easy outcome of Corollary 3.2 that Dolgachev surfaces are neither rational nor ruled. is different from that of any such complex surfaces, E(1) K is not diffeomorphic to any of them so that it cannot be a complex surface. The rest of proof follows from Corollary 3.2. 2
